Abstract: Directional stability is an important performance criterion for alpine skis and has been shown to correlate with the second moment of running surface pressure distribution. However, this stability index is complex to measure while skiing and is not practical for testing many skis. It therefore remains unclear what range one can expect in the variation of stability between commercially available skis. In this study, the mechanical properties of 179 skis were measured and the ski deformation was simulated during a steady-state turn to evaluate the stability index. The resulting data provide insight as to what values of stability, which ranged from 0.1 to 98 N m², are to be expected. A novel parameter, the product of the force required to flatten a ski and the square of its sidecut length, was introduced. Its high correlation with a ski's stability suggests it can be used as an accurate predictor of stability.
Introduction
It is widely accepted that directional stability is a decisive criterion in determining the performance of an alpine ski during a carved or skidded turn [1] [2] [3] [4] . This stability is correlated with the way the pressure is longitudinally distributed along the base of the ski at the ski/snow interface [1, 3] . One proposed quantitative performance index to evaluate stability is the second-order moment of pressure distribution along the longitudinal axis of the ski [3] . However, this performance index is difficult to measure in actual use, requiring specialized and bulky equipment [5] . Further complicating matters, on hard snow or ice, the pressure distribution is limited to a very thin area along the edge of the ski. At least one study has been conducted to experimentally measure the pressure distribution and stability index of skis in a laboratory setting, on a rigid surface [3] . Another method of obtaining the stability index of a ski is to numerically simulate the ski deformation and resulting snow penetration and interface pressure during a turn. There is a large body of work concerning modelling a ski turn on snow using either static [6, 7] or dynamic models [8, 9] . The ski has been modelled using various methods: an elastic beam [6] , a set of elastically-connected rigid bodies [7] [8] [9] [10] , or using FEM [11] . The snow has also been modelled in various ways, either using an extrapolation of ice-cutting experiments [12] , as a linear elastic material [8] or using a plastic/hypoplastic law [6, 7, 9, 10, 13] . However, simulations require accurate mechanical properties which have historically been difficult to obtain, specifically in the case of the bending and torsional stiffness profiles. This explains in part the limited number of different skis analyzed in the above studies. Recently, a method was developed to quickly and accurately measure these stiffnesses [14] .
The aim of this study was to determine the range of stability that can be expected from typical, commercially available skis by analyzing, using numerical simulation, a large number of skis spanning various disciplines and sizes. A secondary aim of this study was to understand how the relevant mechanical properties (ski length, sidecut, camber, as well as bending and torsional stiffness distributions) affect this stability. This knowledge would be invaluable to ski designers, enabling them to use the stability index as a design goal, selecting an appropriate stability target and sizing the ski's properties to attain this goal. For consumers, knowledge of the preferred stability level for one's own abilities and style would facilitate the ski selection process by quickly eliminating skis exhibiting inappropriate stability values.
To fulfill these objectives, the mechanical properties of 179 different skis were measured using the SMAD method [14] . Section 2 describes the numerical model used to simulate the ski deformation and pressure distribution. In Section 3, the results obtained from this model for the measured skis are analyzed. The effect of linear and hypoplastic snow deformation laws on stability are compared. The effect of a ski's mechanical properties on stability are also investigated and a simple parameter encompassing a ski's various mechanical properties is proposed to quickly estimate stability.
Materials and Methods

Selected Skis
In this study, the sidecut, camber and bending and torsional stiffness profiles were measured for 179 different skis using the SMAD method. Using this method, the stiffness profiles were obtained with an accuracy of approximately 5% [14] . The skis measured were all commercially available models spanning a range of intended uses, and measuring from 146 to 189 cm in nominal length. The width of the skis varied from 64 to 122 mm. The mean bending and torsional stiffness values varied from 113 N m² to 369 N m² and 48 to 350 N m², respectively.
Ski Model
Two reference frames are used throughout this study:  N , the normal-tangential reference frame with respect to the ski trajectory (assumed to be circular and of radius R ), as well as  S , a reference frame aligned with the ski. Starting from  N ,  S can be obtained from 3 successive rotations. Firstly, the ski, initially resting on the snow surface, is rotated around  y S by an angle  , which is the angle of attack of the ski with respect to its trajectory. Then, the ski is rotated around  x S by an angle  , which represents lateral lean. Finally, the ski is rotated around  z S by an angle  , which represents fore/aft lean. Figure 1a illustrates the orientation of these references frames for a typical ski turn. A single ski is modelled using a set of 31 elastically-connected rigid-body trapezoids. The positions of the trapezoidal segments' vertices are chosen to coincide with the sidecut and camber profiles of the undeformed ski. Figure 2 shows a 7-segment ski (for visual clarity) overlaid onto the continuous geometry profiles. The segments are rigidly connected in translation at nodes located on the center of the common edges of the undeformed shape. The lateral bending degree of freedom is blocked, and the bending and torsion degrees of freedom are linked by springs whose stiffnesses are calculated from the continuous stiffness profiles, ( ) EI x and ( ) GJ x , and the segment length, as given by Equation (1) [15] :
(1)
Snow Models
The snow reaction force on each ski segment is calculated using either a linear elastic or hypoplastic constitutive law. In both cases, the force is assumed to be normal to the ski segment. Tangential forces such as friction are neglected. Shear resistance of the snow is considered to be infinite. In the case of the linear elastic model, the snow force component along  y N acting on the segment j is given by Equation (2), where Snow k is the snow surface stiffness. For the hypoplastic model, this force is rather given by Equation (3) 
Solver
A prescribed, constant force is applied perpendicularly to the snow surface ( , as in Equation (5).
Thus, the net moment at each node is the sum of the node internal spring moment and the moment due to snow forces, as given by Equation (6) . Similarly, the total force normal to the snow surface is the sum of the snow forces and the applied force at the ski center and is given by Equation (7) . An iterative solver is used to find the steady-state ski deformation, which is the solution to equation set 8.
The solver code was validated by replacing the snow model with boundary conditions emulating a 3-point bending test and finding the solution for a constant-stiffness beam. The solution was identical to within 3% of the deformation predicted by Euler-Bernoulli beam theory.
Pressure Distribution and Stability Index
The stability index, corresponding to the second-order moment of pressure distribution along the longitudinal axis of the ski,  x S , is calculated with Equation (9). In contrast with previous work [3] , the non-normalized moment is used to compare the absolute stability values.
Results and Discussion
The turn simulations were carried out for boot orientations ranging from 1 to 45° of lateral lean and from −10 to 10° of fore/aft lean. Applied normal forces ranged from 196 to 589 N (20 to 60 kg) and snow hardness was varied from 1 × 10 6 to 1 × 10 9 N/m³. For the hypoplastic snow model, angle of attack and trajectory radius were also considered to construct the snow deformation path. These parameters were varied from 0 to 5° and 10 to 50 m, respectively.
Effect of Torsional Stiffness
A subset of five skis within the set of studied skis, selected to cover the whole range of torsional stiffnesses of the complete set, were modelled with both the model described above and with the torsional degree of freedoms blocked. The average difference in the stability index for all the simulations was 2.1%, with a standard deviation of 2.9%, which suggests that torsional stiffness has a negligible effect on stability. Torsional stiffness was thus neglected from subsequent analyses.
Comparison between Linear and Hypoplastic Snow Models
Because of computational time constraints, two skis were simulated using the hypoplastic snow model. Across the whole range of input parameters, the difference between the stability index predicted using the hypoplastic and the linear snow model did not exceed 16%. Also, the error decreased to under 10% for angles of attack above 2.5°, which is coherent with previous work: at small angles of attack, the hypoplastic model predicts that ski tail rides through the groove created by the ski shovel, reducing tail pressure [7] and, in turn, the stability index. At larger angles of attack, the ski tail does not track the groove created by the shovel, and the pressure distribution more closely resembles that predicted by the linear model. Although previous work [9] has shown that a hypoplastic law models snow behavior more accurately than a linear elastic law, this difference in stability predicted by the two snow models is small relative to the difference between skis. The linear model is therefore used for further analyses to reduce both computing time and the number of inputs: for the linear model, angle of attack and trajectory radius are trivial and need not be considered.
Fore/aft Lean Angle Effect on Stability
For all the skis considered in this study, maximum stability for a given snow hardness, applied force and lateral lean angle occurs at or very near zero fore/aft lean angle, i.e., leaning forwards or backwards has the effect of decreasing stability. This is visible in Figure 3 , which shows two typical maps of stability as a function of fore/aft and lateral lean angles for both a traditionally cambered ski and for a rockered ski. Although the amplitudes and slope of the map vary for different skis, snow hardnesses and applied forces, all stability maps retain a similar shape. 
Comparison of Stability across Different Skis
The stability index calculated for the 179 skis studied, in all conditions considered, varied from 0.1 (for rockered skis) up to 98 N m². Since maximum stability is achieved at or near zero fore/aft lean angle, other angles were not considered. As can be seen in Figure 4a , decreasing snow hardness has the effect of increasing stability while increasing lateral lean angle and applied loads both increase stability. However, even for a single hardness, applied load and lateral lean angle, the stability from ski to ski varies significantly. This is because the mechanical ski properties also influence stability. 
Stability as a Function of the Force Required to Flatten The Ski
To gain insight on the effect of a ski's mechanical properties on the stability index, we think of the ski as a simplified, constant-stiffness beam in simply supported, center-loaded bending. 0 F , the force required to deform such a beam a distance y , is given by Equation (10).
In Equation (10), the sidecut length, SC L , is defined as the distance between the widest point of the shovel and the widest point of the tail (Figure 1b) , and EI is the ski's mean bending stiffness. If the ski is pressed onto a rigid surface, the distance y will then be equal to the sum of the ski's initial camber and the additional distance through which the ski must be flexed due to its' sidecut when it is on edge, sc y (Figure 1c ). This additional deflection can be calculated from the ski's sidecut length and radius, sc L and sc R , and the lateral lean angle, as given by Equation (11) [1]. For rockered skis, the camber is negative and is calculated as the vertical distance between the boot center mark and a line traced between the widest points of the shovel and the tail.
From this simple ski model, we then introduce the parameter 2 0 SC F L (since stability varies with the square of the length), as given by Equation (12) . Figure 4b shows the stability index as a function of this simplified parameter, snow hardness and applied force, for all skis at all lateral lean angles.
A model was fitted to this data to evaluate the goodness of the fit when using F L were considered to be equal to zero for the data fitting, since a ski cannot be flexed downwards by the snow surface. Equation (13) presents the fitted model (
The high coefficient of determination suggests that 2 0 SC F L is adequate to quickly estimate the stability of a ski. Furthermore, it is the only fit parameter that depends on the ski's properties, which indicates it is, by itself, sufficient to compare stability between skis. Deviation from the fit can easily be explained by the fact that this simplified parameter makes use of many simplifications: we assume that the maximum camber, the sidecut and the applied load are all centered on the ski and that the ski is a constant beam with stiffness equal to the mean bending stiffness. The actual camber and sidecut profiles, the stiffness distribution and the boot center mark location will all influence the stability index. These effects are taken into account by the steady-state turn model but not by is of importance since calculating this simple parameter does not require numerical simulation or on-snow tests; it is sufficient to have a ski's design data or to measure it using a relatively simple machine [14] . It could therefore easily be calculated for all existing skis, enabling one to directly compare skis on the basis of a performance parameter instead of relying on the underlying mechanical properties. Amongst the 179 skis studied, 2 0 SC F L varied from −144 to 112 Nm² at zero lateral lean angle and from −21 to 324 N m² at 45°. Also, the fitted model in equation 13 makes it possible for a designer or consumer to quickly estimate a ski's stability index for a given set of turn conditions (lean angle, snow hardness, force applied on the ski).
Conclusions
The aim of this study was to determine the range of stability of commercially available alpine skis, as determined by the second-order moment of the pressure distribution along the longitudinal axis of the ski. A secondary aim of this study was to gain insight on the effect of a ski's mechanical properties on stability. The sidecut, camber and bending and torsional stiffness profiles of 179 skis were measured. These were fed into a steady-state turn model for various snow hardnesses, applied forces, and ski orientations. The results show that the stability index varies from almost 0 (for some rockered skis) to 98 N m² for snow hardnesses of 1 × 10 6 to 1 × 10 9 N/m³, applied normal forces of 196 to 589 N and lateral lean angles of 1 to 45°. A simplified parameter, 2 0 SC F L , was introduced and was shown to be an accurate predictor of stability. Since this parameter depends only on a ski's mechanical properties and is independent of snow and turn conditions, it can easily be calculated and made available for consumers to compare models and select an appropriate ski based on the desired level of stability. It could also allow designers to size a ski's mechanical properties to obtain a stability level coherent with the ski's intended use.
Supplementary Materials: The list of skis used in this work is available online at www.mdpi.com/2504-3900/2/6/315.
